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We perform a canonical quantization of gravity in a second-order formulation, tak-
ing as configuration variables those describing a 4-bein, not adapted to the space-time
splitting. We outline how, neither if we fix the Lorentz frame before quantizing, nor if
we perform no gauge fixing at all, is invariance under boost transformations affected by
the quantization.
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1. Introduction
The Loop Quantum Gravity formulation (for a review see 1) is based on fixing,
before quantizing, the so-called time-gauge condition, which corresponds to set the
4-bein vectors such that the time-like one e0 is normal to spatial hypersurfaces. If
this hypothesis is neglected, a deep complication occurs in a first order formula-
tion, since second-class constraints arise. Barros and Sa 2 demonstrated that these
second-class constraints can be solved, such that only first class ones remain. He
concluded that this feature demonstrate that boosts can be safely fixed before the
quantization
However, Alexandrov 3,4 provided a covariant formulation in which second-class
constraints are solved by replacing Poisson brackets with Dirac ones. This way he
was able to recognize a Gauss constraint for the Lorentz group, but the discrete
structure is lost.
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Therefore, the development of a formulation, in which the Lorentz frame is
not fixed, can provide a deep insight towards the understanding of gravitational
quantum features.
We are going to provide the proof that in a second order formulation of General
Relativity, the time-gauge condition does not provide any boost symmetry violation
on a quantum level 5. This result has been obtained by fixing the Lorentz frame
before the quantization and recognizing a unitary operator connecting the quantum
description in different frames.
2. Hamiltonian formulation without the time gauge
Let us consider an hyperbolic space-time manifold V endowed with a metric gµν
and a 3 + 1 representation
V → Σ⊗R, (1)
Σ being spatial 3-hypersurfaces with coordinates xi (i = 1, 2, 3), while t denotes
the real (time-like) coordinate. The vector field n normal to Σ can be written in
terms of the lapse function N˜ and the shift vector N˜ i as follows
n = N˜dt+ N˜idx
i. (2)
If 4-bein vectors eA are introduced, they can be expressed as
e0 = Ndt+ χaE
a
i dx
i, ea = Eai N
idt+ Eai dx
i, (3)
where the links between their components and the lapse function, the shift vector
and the 3-metric hij are given by the following relations
N˜ =
1√
1− χ2
(N −N iEai χa) N˜ i = N i +
Ecl χcN
l −N
1− χ2 E
i
aχ
a (4)
hij = E
a
i E
b
j (δab − χaχb). (5)
3-bein vectors corresponding to hij read E
′a
i = E
b
i (δ
a
b − αχaχb) with α = (1 −√
1− χ2)/χ2.
The time-gauge condition means setting ea on Σ and it can be obtained by a
boost e′B = ΛBAe
A with χa = −Λ0a/Λ00.
Therefore if χa 6= 0 the eA frame is not at rest with respect to Σ, but moves
with velocity components χa. We expect that some device (classical matter field)
allows to give a gauge invariant character to the statement “at rest with respect to
Σ”.
Let us now consider a Lagrangian formulation taking as configuration variables
N˜ , N˜ i, Eai , χa; by evaluating conjugate momenta (πN˜ , πi, π
i
a and π
a), one recognizes
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that there are some constraints 5. Hence, once Lagrangian multipliers λN˜ , λi, λa, ηa
are considered, together with N˜ ′ =
√
hN˜ , the Hamiltonian density can be written
as
H = N˜ ′H + N˜ iHi + λN˜πN˜ + λiπi + ηaϕa + λaΦa, (6)
where H and Hi are the super-Hamiltonian and the super-momentum, respec-
tively, whose expressions are given by
H = πiaπ
j
b
(
1
2
Eai E
b
j − EbiEaj
)
+ h3R, Hi = Dj(π
j
aE
a
i ). (7)
It is well-known that conditions H = Hi = 0 arise as secondary constraints from
primary ones πN˜ = πi = 0.
As far as Φa and ϕa are concerned, their expressions are as follows
Φa = πa − πbχbχa + δabπibχcEci (8)
ϕa = ǫa cb (π
bχc − πicEbi ) (9)
and, from their action on the phase space, Φa = 0 and ϕa = 0 ensure the invariance
under boosts and rotations of the 4-bein, respectively.
3. Quantization after gauge fixing
A Lorentz frame can be chosen by fixing χa equal to some space-time functions
χ¯a(t, x
i) and solving boost, so finding
πa = −
(
δab +
χ¯aχ¯b
1− χ¯2
)
πibχ¯cE
c
i . (10)
Hence, in a boost-fixed reference the action can be written as
S = − 1
16πG
∫
[πia∂tE
a
i + πN˜ ′∂tN˜
′ + πi∂tN˜
i − N˜ ′H χ¯ − N˜ iH χ¯i − λaϕaχ¯ − λN˜πN˜ − λiπi]dtd3x,
where
ϕaχ¯ = ǫ
abc(χ¯bπ
i
dE
d
i χ¯d − δdbπicEdi ) (11)
is the new rotation constraint.
The quantization can now be performed canonically, by promoting Eai , N˜ and
N˜ i to multiplicative operators and replacing Poisson brackets with commutators.
Let us consider the sector χ¯a = 0, where the full set of constraints reads as
H0ψ0 = 0, H
0
i ψ0 = 0, ǫ
ab
cπ
i
bE
c
iψ0 = 0.
The action of boost constraints in the (Eai , π
j
b) phase space is reproduced by the
unitary operator
Uǫ = I − i
4
∫
ǫaǫb(E
b
i π
i
a + π
i
aE
b
i )d
3x+O(ǫ4),
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which sends 3-bein vectors for χ¯a = 0 to 3-bein vectors for χ¯a = ǫa, i.e.
U †ǫE
a
i U
−1
ǫ = E
b
i (δ
a
b −
1
2
ǫaǫb) +O(ǫ
4) = E′
a
i +O(ǫ
4). (12)
The transformation between χ-sectors can be realized as a quantum symmetry
if the unitary operator U maps physical states to physical states.
The new state ψ′ = Uǫψ0 satisfies
UǫH
0U−1ǫ ψ
′ = 0 UǫH
0
i U
−1
ǫ ψ
′ = 0 Uǫǫ
ab
cπ
i
bE
c
iU
−1
ǫ ψ
′ = 0.
One finds at the ǫ2 order that
UǫH
0U−1ǫ = H
ǫ UǫH
0
i U
−1
ǫ = H
ǫ
i , (13)
hence solutions of the super-momentum and of the super-Hamiltonian con-
straints for χa = 0 are mapped to solutions of the super-momentum and of the
super-Hamiltonian constraints for χa = ǫa.
As far the rotation constraint is concerned, one gets
Uǫǫ
ab
cπ
i
bE
c
iU
−1
ǫ = ǫ
abc(−δdbπicEdi +
1
2
δdbǫcǫ
fEdi π
i
f −
1
2
ǫfǫbπ
i
cE
f
i ) 6= ϕ′aǫ , (14)
which does not coincide with the rotation constraint in the new sector. How-
ever, by multiplying the expression (14) times ǫcdfǫ
f and retaining the leading or-
ders in ǫa, it can be shown
5 that the conditions ǫabc(−δdbπicEdi + 12δdbǫcǫfEdi πif −
1
2
ǫf ǫbπ
i
cE
f
i )ψ
′ = 0 and ϕaǫψ
′ = 0 are equivalent.
This result completes the proof that U maps physical states between χ¯ = 0 and
χ¯ = ǫ sectors. Hence, even though the Lorentz frame is fixed before the quantization,
nevertheless the boost symmetry can be realized on a quantum level.
Therefore, the gauge fixing of boosts does not imply any violation of the full
Lorenz symmetry on a quantum level, in a second order formulation for the gravi-
tation field.
Main prospectives of this work are
• the investigation whether the introduction of matter fields modifies this
picture,
• a reformulation in terms of first-order variables (as Ashtekar-Barbero-
Immirzi ones), which can give new insights on the physical meaning of
some ambiguities that arise after the quantization.
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